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PREFACE

The 1990 U.S. Army Chemical Research, Development and Engineering Center
Scientific Conference on Obscuration and Aerosol Research was held 25 - 28 June
1990 at the Edgewood Area Conference Center of Aberdeen Proving Ground, MD. The
Conference is held annually, the last full week in June, under the direction of Dr.
‘Edward Steubing, Research Area Coordinator, Aerosol Science. This report was
authorized under project number 10161102A71A, Research in CW/CB Deferise.

The Conference is an informal forum for scientific exchange and stimulation
among investigators in the wide variety of disciplines required for-aerosol research,
including a description of an obscuring aerosol and its effects. The participants develop
some familiarity with the U.S. Army aerosol and obscuration science research programs
and also become personally acquainted with the other investigators and their research
interests and capabilities. Each attendee is invited to present any aspect of a topic of
interest and may make last minute changes or alterations in his presentation as the flow
of ideas in the Conference develops.

While all participants in the Conference are invited to submit papers for the
proceedings of the Conference, each investigator, who is funded by the U.S. Army
Research Program, ‘s requested to provide one or more written papers that document
specifically the progress made in his funded effort in the previous year and indicating
tuture directions. Also, the papers for the proceedings are collected in the Fall to allow
time for the fresh ideas that arise at the Conference to be incorporated. Therefore,
while the papers in these proceedings tend to ciosely correspond to what was
presented at the Conference, there is not an exact correspondence.

The reader will find the items relating to the Conference itself, photographs,
the list of attendees, and the agenda in the appendixes following the papers and in the
indexes pertaining to them,

The use of trade names or manufacturers’ names in this report does not
constitute an official endorsement of any commercial products. This report may not be
cited for purposes of advertisement.

Reproduction of this document in whole or in part is prohibited except with
permission of the Commander, U.S. Army Chemical Research, Development and
Engineering Center, ATTN: SMCCR-SPS-T, Aberdaen Proving Ground, MD 21010-
5423. However, the Defense Technical information Center and the National Technical
Information Service are authorized to reproduce this document for U.S. Government
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PRCCEEDINGS OF THE 1990 SCIENTIFIC CONFERENCE ON OBSCURATION AND AEROSOL RESEARCH
I. AEROSOL DYNAMICS

MEASUREMENT OF THE MASS TRANSFER COEFFICIENT FOR THE
ABSORPTION OF METHYL SALICYLATE ON FINE PARTICULATE AEROSOLS

H. Littman and M. H. Morgan III
Rensselaer Polytechnic Institute

RECENT PUBLICATIONS, SUBMITTAL FOR PUBLICATION AND PRESENTATIONS:

A) Littman, H.,, M. H. Morgan I, D. K. Prapas and G. O. Rubel, "An Automated
System for Measuring the Mass Flowrate of Powders in Transport Lines,” CRDEC-TN-
013 Report January 1990, CRDEC Aberdeen, MD.

ABSTRACT
u W r

In this paper, we give a method of measuring the rate of absorption of chemical
agents such as methyl salicylate on fine particulate aerosols for the purpose of
removing toxic vapors from the battlefield.

Exceri | r o coefficient | i

The rate of absorption of a gas on to a particulate aerosol in a vertical transport
line is to be measured to detérmine the mass transfer coefficient.

Consider a dilute mixture of component A in air coflowing with fine particles
vertically in a pipe. There is a short acceleration zone near the inlet to the pipe after
which the flow is non-accelerating. The voidage then becomes constant as does the
local pressure gradient.

Cc.nponent A (methyl salicylate) is introduced in the non-accelerating region
and its mass transfer to the fine particles over 10 feet of the transport line is
determined by sampling the gas and chromatographically analyzing it.

To determine the mass transfer coefficient, we start with the mass balance in
one dimensional flow for component A in the line.

YA )
eor T+ epru S+ (le)pp Ra = 0 (1

" We assume that the flow is radially uniform and the temperature constant, and
define the reaction rate as




_NaaMy
Ra =" (2)

The rate equation for the absorption can be written in terms of the mass
transfer coefficient as

Naa =Kga(pa-pah . . ()

IR - Changing the partial pressure into mass and -mole fractions R

M
Naa = KgaP Ma (ya -yA") _ . (4)

Combining equations 2 and 4
(1-e) pp Ra = Kga PM (ya - ya*) = Koapf RT (ya -yA®) (5)

Thus in the steady state, equations 1 and 5 become

d
eu*}f+ka(yA-yA‘)=0 (6)
Separating variables and integrating assuming that yA* and eu are constant, we
obtain
n[lA2:YA”
YAl-YA
ka = (z2 - 21) O
By measuring ya1 and ya2 and the superficial gas velocity U, ka can be
measured.
Correlati X ‘ ffici

For correlation purposes, the Colburn j-factor which has been successful in
correlations of mass transfer coefficients in packed and fluidized beds will be tried so
that

i = § (502 = fRe) (8)

It is reasonable to define

Re = <dp> (u-v)/v (9)




as the rate of mass transfer should be a function of the slip velocity.
The a term can be defined in terms of the average particle diameter as

a = 6(1-¢)
= i

(10)

these fine particles

‘eu = C] B (11)

(l-e) v = ¢ (12)
d dP

Pr g (€u?) = -€ 47 - B (u-v) - Fy (13)
d o dp

PP dz [(-e)v?] = -(1-e) 5, + B (u-v) - Fp - (1-€)(pp - P0) & (14)

where P =p+prgz Ff = 2f (pf UY/Dy) and Fp = 2 fp(1-g)pp v2/Dy .

Combining equations 13 and 14 gives the mixture momentum equation

d d dpP
pf g (€ud) + pp g7 [(1-e)v2] = - o - Fe-Fp - (1-€)pp - P18 (15)

In the non-accelerating region of the pipe the inertial terms drop out so that

dp
- 37 = (-eXpp-pg + Fe+ Fp (16)

To calculate the voidage, equation 16 is rearranged to

dP
G FcF
l1-¢) = 17
(1-8) == - o) g (7

The slip velocity is easily calculated once the voidage is known using equations
11 and 12. Thus

fa @
u-v = [e 1-5] (18)

" The one dimensional steady state mass and momentum equations are (1) for -




To determine the voidage the pressure gradient in the non-accelerating region
is measured in our transport line apparatus (2). The friction factor for flow in a. tube
without particles is then obtained from Byrd et al. (3) and Fr calculated. Fp is difficult
to determine as literature correlations give vastly different estimates of the particle-
wall friction factor but it is reasonable to assume in dilute phase flow this term
cannot be large. As a first approximation we will neglect it. c¢2 is obtained by

“collecting the particles passing through the transport line per unit time and ¢; is the

measured superficial gas velocity in the line.

Once ¢ is calculated from equation 17, the slip velocity is determined by
measuring the gas and particle mass flowrates in our transport line apparatus.

References

1.  Capes, C.E. and K. Nakamura, Can. J. Chem. Eng. 1973, 51, 31.

2. Littman, H., M. H. Morgan III, D. K. Prapas and G. O. Rubel, An Automated
System for Measuring the Mass Flowrate of Powders in Transport Lines, CRDEC-
TN-013 Report January 1990. CRDEC Aberdecn, MD.

3. Byrd, R.B., W.E. Stewart and E.N. Lightfoot, Transport Phenomena, J. Wiley, New
York, 1960.
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Nomenclature

a =
€1

-
n

-
non

1)
]

nHoaon

N
it

pf
Pp

surface area of particles/unit volume of bed, m-!
superficial velocity of gas, m/s

superficial velocity of particies, m/s

diffusivity, m2/s

pipe diameter, m

" friction coefficient, fluid-wall

friction coefficient, particle-wall
pressure gradient due to fluid-wall friction, Pa/m
pressure gradient due to particle-wall friction, Pa/m
gravitational acceleration, m/s2

k
ﬁ (50)2/3 = f(Re)

KGRT = mass transfer coefficient, m/s

overall mass transfer coefficient, kg moles A/m3, s, atm
molecular weight of component A

molecular weight of mixture gas

rate of mass transfer, moles A transferred/surface area of particles, s
pressure, atm

partial pressure of component A in gas, atm

partial pressure of component A in equilibrium with absorbed gas
on particulate aerosol, atm

modified pressure, atm

gas constant, liter atm/mole K

reaction rate, kgm A/kg solids, s

Reynolds number, <dp>(u-v)/u

Schmidt number, v/D

time, s

absolute temperature, K

interstitial gas velocity, m/s

eu = superficial velocity, m/s

particle velocity, m/s

mass fraction of A in thc gas, kgm A/kgm mixture
distance along transport line

fluid-particle drag coefficient, kg/m#

voidage

kinematic viscosity

fluid density, kgm/m3

particle density, kgm/m3

13
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PARTICLE FORMATION BY HOMOGENEOUS NUCLEATION
IN UNDEREXPANDED SONIC JETS

oh B. {11 Jurcik and J.Dlzrock
emical Engineering Department
University of Texas, Austin, Texas 78712
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“"Alkane oligomerization and graphite fiber formation in an electrocatalytic system"”, Proceedings of the
1990 CRDEC Scientific Conference on Obscuration and Aerosol Research, CRDEC, U. S. Army, In Press,
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“A new process for graphite fiber formation from alkane vapors", Submitted for publication, 1990,

"Wave propagation from laser-induced plasmas in droplets”, Submitted for publication,1990.

ABSTRACT

A two dimensional simulation of particle formation by homogeneous nucleation in
expanding flows is described. An exact moment method is used to describe the particle
size distribution function. The model simulates the physical system of nucleation and
particle growth in underexpanded sonic velocity nitrogen jets. The calculations agree with
published experimental data well. It is shown that particle formation occurs initially off
axis. The average particle diameter can be either on axis or off axis depending on the
operating conditions.

INTRODUCTION

In expanding free jets the vapor undergoes an isentropic expansion which results in
a decrease in temperature, pressure and density. For most vapors, the saturation vapor
pressure decreases with temperature more rapidly than the pressure decreases in the
expansion, The vapor, therefore, approaches and crosses the saturation line and becomes
supersaturated during an expansion, if the isentrope crosses the saturation line and the
pressure drop in the expansion is large enough. If the cooling is rapid enough the gas or




vapor becomes quite supersaturated before any vapor condenses and small clusters or
particles are formed by horiogenecous nucleation. The reason the expansion does not
follow the equilibrium line is that the kinetics of homogeneous nucleation and condensation
are not rapid enough to muintain equilibrium. The clusters formed in an expansion also
grow by a condensation mechanism. Figure 1 depicts this delay of condensationonaP - T
diagram for nitrogen showing the expansion path and corresponding locations in an
underexpanded sonic jet. The onset points are the conditions where condensation effects
“are detectable. The wave diagram of an underexpanded sonic jet is also shown in this
Figure. For the sake of brevity, a description of the fluid dynamics of underexpanded jets
is not presented here and the reader is referred to Adamson and Nichols (1959), Ashkenas = =
- and Sherman (1966), and Love etal. (1959. —~ =~~~ . o
The formation of acrosol particles in supersonic expansions has been the subjectof .. .= = __
" 'a gréat many invéstigations (e. g. the review article of Wegener and Wu, 1977). These
studies have used particle formation to study homogeneous nucleation (Abraham et al.,
1981), the structure of small clusters (. g. Mark and Castleman, 1985), and the deposition
- -of ionized clusters (Takagi, 1986). Other practical applications that involve particle
formation in an expansion are a method of Uranium 235 enrichment (Fisher, 1979) and a
method for fueling fusion reactors (Moser, 1984). The formation of a condensed phase in
rocket nozzle exhausts (Crowe and Willoughby, 1967), and in the sampling of gas from
high pressure cylinders (Wen et al., 1987) occurs by the same mechanism but is an
undesired effect.

Despite the enormous literature on systems in which nonequilibrium nucleation and
condensation occur there have not been many attempts to model the flow field
simultaneously with the particle formation processes. With only a single exception
(Davydov, 1971) the analysis of nonequilibrium condensation has been one dimensional
(Koppenwallner and Dankert, 1987). One-dimensional analysis fails to account for the two
dimensional shock structure that is inherent in supersonic jets. As a result one-dimensional
analysis can not show the effect of the large gradients that occur off axis. In this work a
two dimensional simulation of particle formation is described. First the model is described
and the er‘;umerical method for its solution is presented. Then results from the model are
presented.

Model Description

The expansions considered here are neither frozen nor equilibrium expansions.
The expansions are sufficiently rapid that heterogeneous nucleation is negligible and the
only mechanism for particle formation is homogeneous nucleation. Extremely large rates
of homogeneous nucleation can be found at high supersaturations which, in conjunction
with condensation, provides a mechanism for reaching the equilibrium line.

Obviously, the ability to simulate the expansion flows in which homogeneous
nucleation and condensation occur is limited by the accuracy of the expressions used for
nucleation and condensation. Stated succinctly, the expressions used are from the
classical theory of homogeneous nucleation, and transfer processes to a particle in the free
molecular regime (Hidy and Brock, 1970). The well known inaccuracies of classical
nucleation theor‘y are accepted, primarily because there is no other viable option. The
expression used for homogeneous nucleation is:

The free energy change, AG, is given by the expression:

AG = -43Eo(r‘)2

(D
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Where r* is the radius of a ‘critical cluster i. e. the size of cluster formed by homogeneous
nucleation. The critical cluster radius is given by:
20v;

The rate at which mass condenses on a particle is Tsvcn by the expression:
i

=

dm; _ om, Pvap Py (T)
dt V2rmkT V2rmkT

4)

In these simulations the aerosol size distribution is followed exactly through the first three

. moments (McGraw and Saunders, 1984). The moments are defined in equations 5.

po=3 f T m=Ynh m=Ysfi
i=2 i=2 i=2 (5)

~ In these equations fj is the number of particles with i molecules, @ is the surface tension, rj
is the radius of a particle with i molecules, s; is the surface area of a particle with i
molecules, and all other variables use standard notation.

Euler's equations are solved in conjunction with a conservation equation for o, i1,
p2. The model of the jet uses the parabolized Navier - Stokes approach of marching in the
axial direction as a time variable (Dash and Thorpe, 1981). The flow field of the
underexpanded jet is mapped from the axis to the jet boundary. The boundary conditions
on the jet boundary are found using a method of characteristics approach. The axial flux
variables are solved for using MacCormick's method. The calculation starts at the nozzle
exit assuming no particles in the nozzle exit plane and assuming an isentropic expansion to
sonic velocity.

RESULTS

Dankert and Koppenwallner (1978) experimentally investigated nitrogen particle
formation in underexpanded jets. Here, we simulate the experimental conditions of
Dankert and Koppenwallner (1978). Figure 2 shows a calculated expansion path on the
centerline in which particles are formed by nucleation and condensation. The
experimentally determined onset points are those temperatures and pressures at which the
effect of particles on the flow is observable. The conditions used for the model are Po =3
ATM, To = 120K, D = 0.50cm, Peo = 0.01 Torr, Teo = 120K. The physical properties
used for nitrogen are shown in Table 1. As can be seen from Figure 2 the model
determines the onset points correctly. The equation of state used for the gas phase is the

_ideal gas law with a constant heat capacity ratio. ual to 1.4.

Propert Liquid phase [T > 63.14K] | Solid phase [T < 63.14K
Vapor pressure [ATM] Ln(Pg) =9.3996-723.47/T | Ln(Py = 11.034-826.86/T
Density [gm/cm3] 0.8084 1.0265
Surface tension [dyne/cm] 0.22*(117.3 - T) 18.0
AHyyp [erg/gm] 2.148x109 2.455x109
mysical_properﬁes of nitrogen used in the condensing jet simulations.

The upstream stagnation conditions used by Dankert and Koppenwallner (1978)
encompassed a wide range of stagnation temperatures. In the simulations of these
conditions it was found that the upstream stagnation temperature, To had a large affect on
the particle distribution properties. This effect is shown in Figures 3a, 3b, and 4a, 4b.
Figure 3a and 3b show the average particle diameter in a condensing jet for a low Ty case
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and a high To case. Figures 4a and 4b show the particle concentration in a condensing jet
for the same low and high Tq's. The low Tq case uses the same conditions as in Figure 2,
while the high Tg case uses a To = 200K and all other conditions are the same as in Figure
2, : ‘ :
The average particle diameter for the low and high To profiles exhibited some
qualitative differences. The three dimensional profiles of average particle diameter are
shown in Figure 3a for the low Ty case and Figure 3b for the high Tq case. For the low
To jet the average diameter increased with radial distance from the axis, while the higher o
To jet has the largest average diameter on the centerline. The reason for this qualitatively - - -
different behavior is that as Tq is increased, nucleation and condensation are delayed until Y
lower temperatures and pressures. - The condensation rate for higher Tq jets is therefore”
lower and is not sufficiently rapid to adjust to the changes in the fluid properties. For the
higher Tg jet the largest condensation rate is found on the centerline where the largest
values of temperature, density and pressure are found (within the barrel shock). The
largest particles are therefore found on the axis for the higher T jet. For the lower T jet
the condensation rate is rapid enough throughout the flow field to a‘'just to the property
changes during the expansion. The main factor in determining the condensation rate in the
low T jet is the supersaturation ratio. The location where the lowest temperatures occur
(and therefore highest supersaturations) therefore exhibits the largest condensation rates.
As in the high T jet the largest temperatures are found on the axis (again, within the barrel
shock) so for the low T jet the highest condensation rates are found off axis. The largest
particies in the lower Tg jet are therefore found off axis. To summarize, at the high Tq the
particle growth is limited by the collision rate because the driving force of condensation (i.
¢. the supersaturation ratio) has no effect on the growth rate, while for the low Tq case the
flow is limited by the supersaturation ratio which determines the region of fastest growth.

The particle concentration profiles for the jets are shown in Figures 4a and 4b. The
same qualitative behavior is seen in these Figures, with large particle concentrations
beginning off axis downstream of the nozzle exit. The peak concentration for both
conditions is found off axis near the nozzle exit during the initial burst of nucleation. The
burst of nucleation is caused by the rapid cooling that occurs in the Prandtl-Meyer
expansion which causes the pressure on the jet boundary to equal Pe. The rapid cooling
that occurs in the expansion causes the gas to be supersaturated off axis, so particles are
formed by homogeneous nucleation. The nucleation is delayed on the centerline because
the expansion is less rapid.
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Figure 3a. Average diameterina condensing nitrogen jet with a low To. The
vertical axis is a linear scale from 0.0 to 1.e-Scm.

Figure 3b. Average diameter in a condensing nitrogen jet for a jet with a high To, The
vertical axis is a linear scale from 0.0 to 1.e-6cm.
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ABSTRACT

Statistical properties of obscurant plume windows (an opening through an obscurant plume
through which a target can be acquired) are estimated from limited samples of Smoke Week II
data. In these samples, occurrence of windows is estimated to be a Poisson process. From the
same data,a frequency function is estimated for window size (length of time a window is open).
Acquisition of a target through a window is shown to be a renewal process. This permits
derivation of mean waiting time for target acquisition as a function of the length of time necessary
to acquire that target. Mean waiting time for a window as a measure of obscurant effectiveness
appears to have some advantages over the more common average measures, such as transmission.
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: INTRODUCTION '
Preliminary work on this problem was described at the recent 1990 CRDEC
Scientific Conference on Obscuration and Aerosols. Apparent windows were analyzed from a
limited amount of Smoke Week II data. It was easily demonstrated that in two plume samples,
\zavindows had, as might be expected for rare events, a Poisson frequency, as shown in Figs. 1 and
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Figure 1. Demonstration of Poisson frequency for windows from SWII data for fog oil plume at
0.6 um radiation.
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Fig. 2. Demonstration of Poisson frequency for windows from SWII data for fog oil plume at
1.06 um radiation.

Fig. 3 shows estimate of window size distribution based on the same SWII data for 0.6 um |
radiation. This estimate is not believed to be very reliable. |
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Fig. 3. Distribution of window sizes from SWII data at 0.6 pm radiation.

With the frequencies of windows estimated in this manner and an estimate for distribution of
window size, it is possible to obtain an estimate of mean waiting time for a window of a given size
using well established principles in probability theory, known as renewal theory (Feller ,1950).
For an exponential distribution of window size , it is easy to calculate from renewal theory the
gacan waiting time for a window as a function of time required for target acquisition, as indicated

y Fig. 4
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Fig. 4. Mean waiting time for a window as function of time necessary to acquire a target through
a fog oil obscurant plume.

It can be seen that there is a premium on target acquisition time, because statistically a long
time elapses before a sufficiently large window occurs in the obscurant plume, whereas small
windows, corresponding to small target acquisition times, arc relatively more frequent. We believe
that a stochastic puff model could be developed starting from the usual ideas in puff models (e.g.
Panofsky and Dutton, 1987). In this way a model could be constructed to give plume windows
that are related to meteorological variables. This would be preferable in our opinion to an approach
based on 2nd order closure models, whose application usually requires meteorological data, often
not available in field investigations.
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ABSTRACT

Characteristic filtration lengths of fibrous filters collecting spherical
submicrometer aerosol particles are calculated over a wide range of particle sizes
and filtration operating parameters. The calculations were based upon the
dispersion/reaction model for aerosol transport and filtration in porous filters,
and were performed for spatially periodic models of fibrous arrays of circular
cylinders in square arrays. Several orientations of the direction of mean air flow
relative to the lattice axes were investigated. A comparison between our
theoretical results, available experimental data, and the results of competitive
filtration models, demonstrated the greater accuracy of our dispersion/reaction
model in correlating characteristic filtration lengths of submicrometer particles
possessing diameters less than 0.3-0.5um. The filtration rate of larger particles,
governed primarily by the interception mechanism, is shown to be sensitive to the
choice of the direction of the mean air flow relative to the axes of the periodic
array.
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The process of aerosol filtration in porous filters occurs when an inlet air
stream containing aerosol particles passes through the filter bed, depositing (a-
portion of the) aerosol particles upon the surfaces of the collector elements ‘This

study is concerned with calculation of the filter efficiency
L

out

Porous fibrous
filter

Fiber Unit cell

collector

ot
(a)

Aerosol
particle

v
/f(b)

Figure 1, Spatially periodic (lattice) microstructure of a porous filter used in
calculations: (a) Superficial velocity Y parallel to a principal lattice axis
("square array"), (b) Superficial velocity V inclined 45° to the principal
lattice axes (“'staggered array").

N=1 - Poyt/Pin , (1)

which is defined in terms of the respective inlet and outlet aerosol particle
concentrations, Piy and Po,¢ (see Fig. 1). This efficiency constitutes the main
parameter of engineering interest, and is dependent upon filter dimensions,
aerosol properties, and filtration operating parameters. Leers (1957) found that
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the filter efficiency decays exponentially with increasing filter length L (all other
things being equal), and thereby proposed the following semi-empirical formula:

n=1-exp (-L/¢; ), | 2
wherein {; (hereafter termed as the characteristic filtration length) is an L-

independent coefficient, possessing the dimensions of length. The physical and
engineering significance of this formula lies in the fact that it separates the effects

- of the filter's external dimension L from its intrinsic aerosol collection

properties, embodied in £, . The aerosol filtration length to depends upon the
microstructure of the filter, the filtration operating parameters, and the aerosol
particle size (Davies, 1973; Tardos et al., 1978). This particle size essentially
determines the physical mechanisms responsible for bringing aerosol particles to
the collector surfaces, where the particles are normally trapped and retained due
to the action of the short-range Van der Waals forces. Collection of fine
submicrometer-sized particles, namely those possessing diameters 2rp<0.3um, is
governed by their Brownian diffusion towards collector surfaces. For larger
particles this mechanism acts in combination with the interception mechanism, the
latter being a purely geometric entrapment of those particles whose centers
approach the collector surface along fluid streamlines to within a distance equal
to the particle radius rp.

This research deals with determining the characteristic filtration lengths £; of

fibrous filters collecting aerosol particles by diffusional and interceptional
mechanisms, This problem had earlier been treated (Stechkina and Fuchs, 1966;
Kirsch and Fuchs, 1968) by applying classical filtration theory (Pich, 1966),
which furnished the following formula:

lf = a/T]c f(e), (3)

where 2a is the collector diameter and 1 is the so-called unit-bed efficiency -- an
essentially empirical quantity whose definition and evaluation hinge upon a chain
of ad hoc assumptions pertaining to the filter microstructure microscale flow
field, and aerosol concentration distribution prevailing within the bed; f(e) is a
function dependent upon the bed porosity €, the exact functional dependence
being a controversial issue. A more detailed and more carefully documented
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criticism of classical filtration theory appears elsewhere (Shapiro and Brenner,
1990). '

Our dispersion/reaction model of aerosol filtration by porous filters
(Shapiro and Brenner, 1989; 1990) provides a precise scheme for demonstrating
the existence of the characteristic aerosol filtration length £ as an intrinsic, L-
independent, physical quantity, as well as for computing it from the parameters
characterizing the microscale problem. The model is based on a precise
physicomathematical formulation of the aerosol microtransport and deposition
processes throughout the entire filter bed (rather than within a single unit bed
element), which bed is assumed to possess a spatially-periodic (lattice) structure.
This scheme allows a precise calculation of the three Darcy-scale transport
coefficients, U", D" and X , without introducing any ad hoc assumptions, or using
the concept of single-element efficiency, such as is done in classical filtration
theory (Davies, 1973). These three coefficients are subsequently used to calculate
the total filtration efficiency m, eschewing the ad hoc formula (3). In many
practically important cases (Shapiro and Brenner, 1990) the characteristic
filtration length is given by

(,=UIK" (4)

where U =1T"| is the aerosol's Darcy-scale mean speed and K* is the volumetric
aerosol deposition-rate coefficient.

Figure 1 schematically represents the microscale structure and geometry of a
model porous fibrous filter used in the dispersion/reaction model. Fibrous beds
composed of square and staggered arrays of cylinders were used in the
calculations. First, spatially periodic flow fields within these arrays were
calculated by the finite element technique. An extensive description of the flow
patterns thereby obtained, as well as the bed permeability data thereby derived,
are summarized by Edwards et al. (1990).

Next, the three Darcy-scale aerosol transport coefficients were calculated for
cach array, which data were further used to evaluate the characteristic filtration
length ¢; via Eq. (4). These calculations necessitated numerical solutions of
several eigenvalue problems formulated within a single unit cell of the spatially
periodic filter bed. A detailed description of the requisite computational scheme
is outlined by Shapiro and Brenner (1990).
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The Darcy-scale aercsol transport coefficients depend, inter alia, upon the .
various microscale particle deposition mechanisms included in the model. Here, it
was assumed that particle collection is affected only by the Brownian motion and
interception mechanisms. As such, the Darcy-scale coefficients and, hence, the
concomitant characteristic filtration length are functionally dependent upon the
bed element Péclet number, Pe=2Va /D, the interception parameter Rp=rpla,

and the bed porosity € (as well as the collector Reynolds number Re=27a v,

with v the air's kinematic viscosity). -
| ‘The characteristic filtration length was found to increase with the increasing
bed porosity and Péclet number. The influence of the interception parameter is
shown in Fig. 2 for Pe=10. Observe that ¢; decreases with increasing aerosol

particle size, thereby leading to an enhancement of the aerosol collection rate.
This effect is seen to be the most profound for highly porous filters, namely those
possessing the smallest solidities 1-€. The relative influence of the interception
collection mechanism is found to be more pronounced for high, rather than low
Péclet numbers, corresponding to larger aerosol particles. This generally accords
with experimental observations, which reveal that with increasing aerosol particle
size the diffusion particle capture mechanism becomes less efficient. An extensive
investigation of the effects of various filtration parameters upon the aerosol
transport coefficients is presented by Shapiro et al. (1990).

Figure 3 compares the numerical ¢ values derived from our
dispersion/reaction model with the semi-empirical model of Stechkina et al.
(1969), as well as with the experimental results of Lee and Liu (1977) obtained
for Dacron filters of 11yum diameter. For all calculations performed, the
characteristic filtration lengths calculated for the square array were larger than
for the staggered array, all other things being equal. For aerosol particles
possessing diameters 2rp<0.2jum, the experimental values of ¢; lie between the
two curves calculated for the respective square and staggered array
configurations. In this submicrometer range of aerosol diameters the model of
Stechkina et al. (1969) yields much smaller values of £, thereby significantly
overestimating the aerosol filtration rate. For larger particles, where Brownian
diffusion effects are weaker, and hence for which the collection process is due
primarily to interception, our dispersion/reaction calculations for square arrays
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overestimate £;. On the other hand, the model of Stechkina et al. (1969) still
yields smaller values of the characteristic filtration length in this range of particle
diameters. S S |

) . .Square Array | Pe=10

120

o0
o

Dimensionless filtration length, I,/ 2a
8

0 | | ]

0.01 0.02 0.05 0.1 0.2
Filter Solidity, 1- €

Figure 2. Dimensionless filtration length I/ vs filter bed solidity 1-¢

In general, the agreement between the present dispersion/reaction results and
the experimental data was found to improve with the decreasing superficial air
stream velocity, as well as with increasing tortuousity of the intracellular flow
pattern (as embodied in the angle of the mean stream-velocity orientation of the
“staggered array"). It may be inferred that more elaborate geometric lattice
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models of the the filter bed (namely those containing several elements within a
single cell, and hence more closely approximating the porous beds encountered in
practice) would be expected to agree better with the experimental measurements.

T _ T

Dimensionless filtration length, 1 f 2a

100 — Theoretical ( Stechkina et al. , 1969) =
A  Experimental ( Lee and Liu, 1977) _
i V =3cm/s _
| e =0849 _
2a=11um
10 | 1
0.05 0.2 0.35

Particle diameter, 2r, (um)

Figure 3. Characteristic filtration length vs particle diameter.
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ABSTRACT

This paper describes new measurements of Vertical Integrated Concentrations
downwind from a neutrally buoyant, ground-level, steady point source in a
simulated neutrally stratified atmospheric boundary layer using a new improved
IR/CO, system and summarizes findings of the CRDEC sponsored project entitled
“Experimental Study of Aerosol Plume Dynamics." The work is fully described in
C) listed above and in previous publications of the authors which are listed in
the references.

BACKGROUND
Obscuration of ground objects from elevated observers by plumes of aerosols

is related to the Vertical Integrated Concentration (VIC) of the aerosols along
the 1ine of vision, which is defined as

39



VIC (x,y,t) = { C(x,¥,2,t) dz .

- The value of such integrals fluctuates with time and their statistical properties
are of considerable interest (Gifford, 1959; Hanna, 1984; Robins, 1978). A novel
Infrared/Carbon-Dioxide (IR/CO,) system for measuring the instantaneous value of
VIC in small scale models of ﬁumes diffusing in the atmospheric surface layer
has been developed (Poreh and Cermak, 1987, 1988 and 1989). Preiliminary
measurements with the first prototype of the system, which had a relative high

noise-to-signal ratio and a slow response, were reported in Poreh and Cermak o

(1987 and 1989)." In a separate publication a two-coefficient semi-empirical

model, which describes the Probability Density Function (PDF) of VIC was
presented by Poreh, Hadad and Cermak (1989a and 1990). Recently, a new, fast
response, IR/CO, system with a reduced noise level has been assembled. New

measurements of VIC were made using the new system at the Meteorological Wind

Eu?nel at CSU (Poreh and Cermak, 1990a). A summary of the results is presented
elow.

SUMMARY OF THE RESULTS

Figure 1 shows a typical time (T* = tU/8) variation of the dimensionless
parameter VIC = VIC § U/Q, where § is the thickness of the boundary layer, U is
the mean free velocity and Q 1s the strength of the CO, source, at an off-center

lscation (y/o) downwind of the source, The ffbure emonstrates Tlarge
fluctuations and intermittency of VIC. The mean value of VIC', denoted by VICM,
at that location was 0.99, whereas the rms of the fluctuat1ons was vic'’ = 3. 28

Analysis of 120 runs showed that the lateral distribution of VICM at each
x 1s Gaussian and can be described by VICM'(y) = VICM (0)exp(-n /2% where
n = y/o and o(x) is the rms of the lateral displacement of the aerosols. The
same Gaussian curve describes the distribution of the relative mean ground.level
concentrations C'. Figures 2 and 3 show the variation of o(x) and of VICM (x,0)
versus x/§. Figure 4 shows the distributions of the relative values of
vic '/VICM" at different locations, which are also similar, namely this ratio is
2 function of y/o and practically independent of the distance x. The
measurements of VIC were used to calculate P(a) -- the probabiiity that the
relative instantaneous value of VIC /VICM exceeds a given ratio a. No attempt
was made to deduct the contribution of the noise to the value of P(a). Figure
5 shows the measured and calculated values of P(a) at different locations along
the centerline of the plume. The calculations are done using the model of Poreh
et al. (1990a). The values of the two coefficients in the model were determined
using the above mentioned preliminary data. Figures 6 and 7 show the
distributions of P(a) at the edge of the plume. Again, an approximate similarity
is found, but the new data make it possible to observe a small effect of the
distance from the source particularly at y = 0. Figure 8 shows the effect of the
source height z on the distributions of P(a).

Analysis of the measurements show that the VIC fluctuations at different
locations downwind of the source exhibit an approximate similarity, in the sense
that dimensionless statistical variables based on the mean value of VIC at the
centerline of the plume at each distance, are functions of the dimensionless off-
center location y/o and only slightly dependent on the distance x.
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PLANNED FUTURE STUDIES

The IR/CO, measurement system provides a unique means for acquisition of

VIC statistics of plumes generated by various source configurations for a wide .
variety of atmospheric surface layer (ASL) types. As resources become available,
VIC data for steady and instantaneous sources in simulated ASLs for surfaces of
different roughness and thermal stratification will be acquired.

Development of an IR/CO, system for measurement of concentration.

flurtuat1ons at a point is under consideration for future research

10.
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FIGURE 1. RECORDED VIC" FLUCTUATIONS AT x = 50 cm, y/o = -2.41 (VICM' = 0.99,
vic’ = 3.28, v = 0.4),
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FIGURE 2. THE VARIATION OF o/§ VERSUS x/6 ACCORDING TO THE VvIc' AND ¢°
MEASUREMENTS IN THE PRESENT STUDY AND IN POREH AND CERMAK (1987).
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FIGURE 5. THE PROBABILTY P(a) THAT VIC'/VICM' EXCEEDS THE VALUE a NEAR THE
CENTERLINE OF THE PLUME.
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FIGURE 6. THE PROBABILTY P(a) THAT VIC'/VICM' EXCEEDS THE VALUE a FOR
2.0 < y/o < 2.5.
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FIGURE 7.
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II.  AEROSOL CHARACTERIZATION.METHODS
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Consequent Bacterial Size to the S34/S11 Angular Scattering Pattern for Bacteria®, This '
conference (1989).

Summary:

A simple preparative scheme was determined whereby bacteria could be photographed
by optical microscopy in the same condition as they were prepared for light scattering
experiments. An extensive series of experiments was performed in which dimensions of several
representative bacteria were measured and compared with the oscillations of the polarized light
scattering p ‘tern. Both length and diameters were found to be important, but the diameters
seem tr .minate.

Intr v ol

Last year we showed that changing the growth conditions for £, Coli bacteria led to
changes in the size distribution of the bacteria as measured by electron microscopy. These
changes correlated with changes in the angular scattering pattern for the combination of
Mueller Matrix elements indicated by [S34/S11]¥. (Here the nifty symbol after the fraction
indicates that we are actually measuring the combination (S34 + S14)/(S11 + S31) but the
elements surpressed in the symbol are relatively small for a randomly oriented suspension of
many particles.) The angular pattern oscillates with well defined maxima and minima. It was
seen that the effect of changmg the particle size was analogous to the apparently much simpler
effect seen when light is diffracted through a slit, in that larger particles produce more features
and more crowding of the original peaks into the forward direction.

Ws indicated last year that simple geometrical reasoning suggests that the scattered
photons should be more effected by the size of the diameter of the rod-like cells than their
length, since the formar dimension is sampled many more times in a randomly oriented
suspension. However, the electron microscope measurements indicated that the size changes we
were observing in shifting from freely growing bacteria (log phase) to starving bacteria
(stationary phase) were mainly in the average length of the bacterial population with the
changes in diameter much smaller. An Intrinsic difficulty with such measurements is that a
great deal of shrinkage of cells occurs in preparing them for electron microscopy.

Because of the clear importance of the dimensions of the bacterial cells in determining
the scattering pattern for [S34/S11]¥, we decided to determine the effectiveness of optical
microscopy for correlating bacterial dimensions with that scattenng pattern. Further, once we
found this method to be practical, we embarked on an extensive series of these measurements in
which we utilized severa! different bacterial species and conditions of growth. The preliminary
analysis of some of these results is presented here.
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Methods:

It turned out that a rather simple procedure for preparing the various bacterial cells
gave quite raproducible results both for optical (phase contrast) microscopy and for scattering.
This consisted of spining the cells out of the growth medium in a table top centrifuge and
resuspending them in a .9% sterile NaCl solution at pH ~ 5.8. The concentration of the
suspension was set with an Optical Density at 600nm of 0.05 --0.1 and an appropriately
higher density for microscopy. Photographs were taken of various cells through the
microscope, projected on the walls and individually measured against a calibrated standard. A
rather precise recipe is required for determining the condition of growth of the cells (eg. log

_or stationary phase) in order to obtain.reproducible size distributions. - For log phase we
required more than five doublings at an O.D. < 0.05 while statlonary phase was arbitrasily
defined to be 18 hrs after growing through an O.D. of 0.5 after passing through log phase
'Further details on the methods will be given elsewhere (eg. refs (1,2))

Resuits:

Since we are using our microscopic measurements near the limits of resolution imposed
by optics, it was important to test the resultswith an easily calibrated standard. We did this by
taking photographs of polystyrene beads, measuring about fifty of each size and comparing our
optical determination with the determination by electron microscopy (EM) supplied by the
company. For sets of beads which were sized by EM at 1.06 + 0.01 and 0.6 + 0.003 microns,
we obtained 1.03 £ 0.02 and 0.59 £ 0.01 microns where in our case the deviation stated is a
standard error of the mean. From these results and the consistency of the measurements
presented below, we judge that our microscopic resolution is at least statistically somewhat
better than 0.1 microns. Bacillus Msgaterium is a spore forming bacterial species that is at
the large end of the size spectrum observed for commonly occuring bacteria. We utilized a non-
spore forming strain of these for our studies and illustrate the rather excellent quality of
photographs which may be obtained at least for these quite large "bugs” in Figure 1.

.\ /
. ! T A

Figure 1. B. Megaterium bacteria grown in LB medium and resuspended in saline for phase
contrast microscopy. The left hand photograph Is of log phase cells with stationary phase cells r
on the right.




The log phase cells are slightly larger both in length and diameter as may be seen from the
tabulation of average dimensions for the various experiments given in Table 1 below. For this
_tabulation, most of the chains of cells have been counted as single cells, making the average
-fength somewhat longer than would be the case if doubles were counted as two single cells. - In D
the case of Staphylococcus Epidermidis cells, which are fairly spherlcal in form, only one '
"typical" diameter was measured per cell.

- Table 1 = o
Optlcal Dlmanslons of Bacterla“ o

Bacteria  Growth Stage Medium Diameter Length

| E.. Co-lqi- Blr Lc”"g- . M1 .0.77 :I: b.11 272 + 062 N
E. Coli B/r Stat M1 0.60 + 0.08 1.61 + 0.32
B. Subtilis Log LB 0.86 + 0.08 746 + 1.9
B. Subtilis Stat LB 0.78 + 0.09 35+ 1.0
B. Megaterium Log LB 1.31 £ 0.14 10.42 + 3.5
B. Megaterium Stat LB 1.41 £ 0.14 9.02 + 3.9
S. Epidermidis Log M265 1.27 £ 0.10 e
S. Epidermidis Stat M265 1.01 + 0.1 e
E. Coll K12 Log LB 1.15 £ 0.11 7.40 £ 3.7
E. Coli K12 Stat LB 0.97 + 0.10 1.93 + 0.34
* Notes:

Lengths are group length

Error indicated is standard deviation,

Two or three hundred cells were measured in each case during
at least two seperate experiments.

In each case a scattering experiment to measure [S34/S11]¥ was performed on the same
afternoon and on the same cell preparation as the microscopy. All scattering for these
experiments was done with the 633 line of a He-Ne laser. As shown in the references to this
paper, an oscillating graph of [S34/S11}¥ vs angle showed clearly defined maxima and minima.
Plots of the peak locatlon vs the cell width are shown in Figure 2.
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Figure 2. Angles of maxima (+) and minima (-) from the function [S34/S11]¥ vs angle as a
-function of average bacterial ceil diameter.

Each vertical set of points in Figure 2 represents the extrema from a Scattering
experiment with a cell type given by a line in Table 1. A given extremum traces a family of
points at decreasing angle as the average diameter increases. The one anomolous set of points
(solid squares) corresponds to stationary phase Staphylococcus Epidermidis cells. Qur present
results indicate that diameters fit into such a scheme with more regularity than cell length. In
conclusion we note that additional data shows that the locations of the peaks for a given cell type
are reproducible to better than a degree of angle. This fact together with the data of Figure 2
indicates that changes less than 50nm in the average diameter of a bacterial population may be
rapidly and reliably detected in real time by this technique.

Reterences:
1. See Appiied Optics paper listed below title.
2. B, Bronk, W. Van de Merwe, and D. Huffman, "Polarized light scattering as a means of

detecting subtle changes in microblal populations®, in Meodern Techniques for Rapid
Microbiological Analysis, VCH Publishers, N.Y..editor W. Nelson, in press {1990).




Inversion of Single Size Particle Scattering Data
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_.Remote Sensing Data: Application to Particle Size Determination from Light
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Abstract

A computer based procedure to invert the particle size and complex refractive
index from angular scattering measurements of spherical particles of a single size (or
nearly monodisperse narrow size distribution) is described. The procedure is
intended to be used to analyze data obtained by the CRDEC multichannel
nephelometers. The method is derived from a deconvolution technique for
polydisperse spherical particles of known refractive index which was previously
developed by one of us under CRDEC sponsorship.

1.0 Intrcduction:

Recently the CRDEC has developed a capability to perform particle diagnostic
nephelometry experiments, using two different multichannel instruments. It is
desirable to develop a data analysis method to extract particle size and complex
refractive index informaticn from the data collected by these instruments. Previously,
the nephelometry data have been analyzed by a variety of ad hoc techniques, but no
attempt has been made to solve the formal inverse scattering problem.

We present here a restricted inverse scattering solution: determination of size
and complex refractive index for single size spheres. Later extensions to nonspherical
particles can he contemplated by use of techniques similar to what is involved in the
inclusion of refractive indices as inversion parameters, provided one has access to
computad nonspherical scattering kernels for a variety of particle shapes.

Although the present method is intended to invert single particle scattering data,
the actual data obtained in the nephelometers Is that of a nearly monodisperse particle
size distribution, because it is necessary to add the scattering patterns for many nearly
identical particles, in order to obtain good statistics. Even if all the particles were
identical, variations in position as the particles traverse the laser beam would modify
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the effective angular scattering pattern in the same way as slight variations in particle
size. Thus the inversion technique discussed hers is really one which can deconvolve
a very narrow particle size distribution. The technique is intended to obtain the

average particle size and the peak width of the inverted narrow size distribution, as -

~well as the complex refractive ‘indices of the average particle. In addition, the one-

standard deviation output imprecision values for the average size and refractive
indices will be obtained, corresponding to input scattering data with known variances.

- ‘2.9___Backgroqng:_, o R

© 7 " During the 1980's one of us enjoyed the sponsorship of the CRDEC in

developing and testing computer based methods to invert the particle size distribution

_ from laser scattering measurements from an ensemble of spherical particles. One of

 the ensemble deconvolution techniques developed during this period was denoted

the “constrained eigenfunction expansion method.” This technique, which is the fore-
runner of the present inversion studies, involved expansion of the ensemble size
distribution in Schmidt - Hilbert sigenfunctions of the scattering kerneis, as had been
previously done by Twomey and Howel and by Capps, et. al.® The ensemble
expansion coefficients were determined by the input scattering data and by a trial
function through an implementation of the method of constrained linear inversion.*

Concern about the uniqueness of the recovered ensemble size distribution
functions led CRDEC to acquire two unique light scattering instruments known as
“multichannel nephelometers” that record the light scattering patterns produced by
individual aerosol particles traversing a laser beam. Each particle is viewed
simultaneously by PMT detectors positioned on a spherical surface surrounding the
particle/beam intersection point.®* The present inversion procedure is meant to be
used with such instruments in the fashion shown in Figure 1. Initially, we are
concerned only with uniform spheres. If the technique gives reliable results for
spheres, than an attempt will be made to extend it to aspherical particles, beginning
with spheroids. In such cases, the particle aspect ratio will be one of the inversion
parameters, in addition to volumetric size and complex refractive indices.
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Figure 1 lliustration of Single Particle Inversion Procedure

3.0 Formalism:

The equation which describes light scattering by a single particle can be written
in the form ot a Fredholm equation, if the solution to the integral equation is regarded
as a Dirac delta function whose argument is unknown,

N, "
8i +E= K(x!yi’n.vvks)) = Z 6("’3)] 5(X'Z) K(x’yi’nhkr)) dx (l)
0

r=1

where 7, is the unknown size parameter and ng,kg are the unknown comiplex refractive

index components, g; is the “ith” measurement, and g; is the error in the measurement.

While this equation is entirely correct for a monodispersion, it is also approximately
correct for the nearly monodisperse narrow size distributions characteristic of
anticipated nephelometry experiments. In practice, the product of delta functions will
be replaced by an approximate expansion which, in fact, imposes a finite width in size
and refractive index spaces. When solving this equation, ng and kg are assumed to be

members of the set of refractive index components for which the kernels have been
computed. Both the kernels and the measurements are assumed to represent
differential scattering cross sections which have been integrated over angles
subtended by the optical elements of the instrument. Note that the form of the above
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equation indicates that the particle size is assumed to be a continuous variable, and
the appropriate size distribution function is, thus, a Dirac delta function. In contrast, the
refractive index components are treated as discrete variables; hence, the appropriate
distribution function is a Kronecker delta whose argument specifies the index which
locates a given value of n or k in a set of preselected values corresponding to
precomputed scattering kernels. Since we are asking, in essence, for the probability

of finding (among all the possible particles) a particle which has the both the size
and the complex refractive index pair (ng,kg), the appropriate probability distribution is

the product of the delta functions in the size and complex refractive index spaces.

The basis functions for the expansion of the delta function brdducf ére Schmidt -
Hilbert eigenfunctions of the generalized kernel covariance matrix, which is defined
below:

N[
N‘J = 2 f K(x-ybnnkr) K(x’yj,nr,kr) dx (2)

r=1 0

Note that the kernel covariance matrix has been summed over all the refractive index
pairs which are included in the kernel computation set. The basis functions are
obtained from the individual kernels and the generalized kernel covariance matrix by
application of the Gram - Schmidt orthogonalization procedure. The result is a
generalization of the Schmidt transformation used in the ensemble deconvolution
procedure.

1N
Dilx,npks) = A2 > Uij K(x.yinek,) (3)
j=1

where Uj; is an element of the matrix of eigenvectors of the generalized kernel
covariance matrix, A; is an associated eigenvalue, and N is the total number of

measurements. These functions are orthonormal. In addition, one can generalize
sum rules for the expansion of a Dirac deita function in terms of a series of
eigenfunctions (such as the arguments presented in Arfkin®) to obtain an equivalent
expansion for the product of delta functions:

N
D Di(xnp k) Pilx.nsks) = 8(x-x) 8(r.s) (4)

=1

Equation (4) would be an exact representation of the deita function product if the
number of eigenfunctions in the expansion were infinite. However, since the number
of eigenfunctions in this expansion is finite (according to Hilbert - Schmidt theory for an
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Fredholm equation with a degenerate symmetric kernel) and in fact is equal to the total
number of scattering inputs, equation (4) gives, at best, an approximation to the delta
function product, which will have a finite spread in both size and refractive index
spaces. This is all right, since the actual scattering data will consist of a superposition
of the scattering patterns from many similar particles, as was previously stated. In
simulations using narrow lognormal ensemble distributions to approximate the dslta
function, we have found that the finest resolution of the approximate Dirac delta
function which can be inverted in size space is two size increments. This means that
simulated scattering data corresponding to a polydispersion whose width was two of
the computational size increments used to compute the kernels could be deconvolved,
but a narrower size distributicn could not be deconvolved.

The remainder of the formalism follows the treatment of the ensemble size
distribution deconvolution procedure. The product of delta functions is first expanded
in a series resembling equation (4), but the expansion coefficients contain the effect of
the experimental data and of the trial functions for size and refractive indices.

N
8(r,s) 8(x-x) = 21 Cj (X snsiks) Bj (x,nrikr) (5)
J=

In equation (5), the expansion coefficients are stated as functions of the unknown size
¢ and refractive index pair (ngkg). If these were known, the expansion coefficients

Ci(x.ns:ks) would simply be @;(x,n,.ks). Instead, these coefficients are found by the
method of constrained linear inversion to be

N 1 Y
Y A2 Ujk gx +1- Dfxr, nr, kr)
Cj= 22 ’ (6)

l+-7-/-
Aj

where yis a Lagrange multiplier and x, nT, kT are trial values of x, n, k. Equation (6)
provides an approximation to @;(x,n,ks) which should become progressively better

as the iteration process proceeds. Once the solution expansion coefficients have
been obtained, the inversion parameters are obtained as moments of the delta
function distribution.
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The recovered size parameter is obtained from

N N .
Y > ’ X D;\x,np.k,) dx
i=lr=1 amin
x.' = . Auorm B . (7)

where Apqomy is @ normalization factor definedas : L

Anorm = z 2 Ci] D; (x,n,k,)dx
o i=ir=l. min - - o

Clearly, the iteration process should drive the recovered size to x; = . Similarly, the
complex refractive index pair is obtained from

N N, max
2 2 (nrs k) Cif x D;(x,n,k,) dx

izl r=l
(s Ky} = e )
$ ¥ ] X Oylamks) d
im]r=] xmin

We have also obtained equations for the uncertainties on the recovered
parameters X5, ng, and kg due to one standard deviation imprecision levels of the

scattering input data, assuming Gaussian distributed random errors in the data. These

are analogous to similar expressions in Curry?! , but are not stated here, on account of
space limitations.

4.0 Concluding Remarks:

This paper has presented the formalism for a computer based inversion
technique to obtain the particle size and complex refractive indices from light
scattering data obtained in a multichannel nephelometer. At this writing, the technique
has been implemented in a triply iterative fashion. The first iteration uses an assumed
size and pair of refractive index components and increases the Lagrange multiplier y
shown in equation (6) until an optimum value is found, as described in Curryl. The
second iteration involves substituting the old solution expansion coefficients for the
trial functions (the eigenfunctions in equation (6)) and repeating tha first iteration.
Recently, this procedure was extended for the ensemble deconvolution procedure to
include fitting the recovered ensemble size distribution to a parametric distribution
function and using the fitted results as a new trial ensemble distribution function, thus
yielding a triply nested iteration.” A similar process is invoked for the single particla
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inversion procedure. Upon convergence of the first two nested iterations, the size
parameter and the refractive index pair are computed from equations (7) and (8) and
compared with the trial values. If convergence is not obtained at this stage, trial
parameters closest to these three parameters (within the computation set for which
“kernels are available) are selected and the entire process is repeated until
convergence occurs. In preliminary tests we have obtained convergence on size, but
recovery of the refractive index components will probably require extending the last
stage of iteration to incorporate separate convergence on the size and refractive index
- components. S R B .
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ABSTRACT

The bacterium Agquaspirillum magnetotacticum grows its own

internal single domain magnets. For a number of reasons, .. .. e L.l

""these magnets make the bacterium an extremely interesting
scattering particle. We are engaging in light scattering and
birefringence studies on Aquaspirillum magnetotacticum.

"~ "INTRODUCTION

The bacterium Aquaspirillum magnetotacticum has the

interesting property that it grows its own internal, single
domain magnetite (Fe304) particles.l” These internal

miniature magnets give each bacterial cell a magnetic dipole
moment parallei to the axis of motility. The bacteria thus
orient and swim along the direction of the earth’s magnetic
field lines.

A. magnetotacticum is a slightly helically-shaped

bacterium. 1Its internal magnetite particles are usually
cuboidal in shape and approximately 50 nm in gize.® The

average number of particles per bacterium can vary between 0
and 40, depending on the age and growth conditions of the
culture. Because the magnetite particles within a given cell
interact magnetically, they tend to line up inside the
bacterium in a single row. These chains of magnetite are
slightly helical in form due to the helical shape of the
bacterial cell.
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MAGNETIC BACTERIA AS SCATTERING PARTICLES

There are a number of reasons why A, magnetotacticum is an

interesting particle for light scattering studies.

large quantities.

2. A. magnetotacticum is a highly non-trivial scattering
particle. Specifically, the cell has an unusual degree of
internal structure. The average refractive index for most
non-sporulated bacterial cells is approximately 1.38--very
close to the value of 1.33 for water in the surrounding
medium. A, magnetotacticum, however, contains magnetite
particles with a large refractive index of 2.42. We thus
expect the internal magnetite particles to dominate the
scattering. This is in contrast to most biological cells
where the exterior cell wall or membrane may be expected to

dominate.

3. The bacterial orientation can be accurately measured and
controlled. A strong external magnetic field can be used to
give the bacterial cells any desired orientation for light
scattering studies. It is thus possible to measure
scattering by a collection of nearly identical, highly
oriented particles in suspension. This avoids the
experimental difficulties assocliated with scattering from a

single oriented particle.
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‘5. A. magnetotacticum should have significant form chirality

4. Multiple scattering is a-factor inlreal-world~écéttefinq

‘phenomena. Theoretically, however, multiple scattering is

relatively intractable. With dense, oriented suspensions of

“magnetic bacteria it may be possible to compare multiple

scattering models with experiment, without having the addi-

tional complicating factor of random particle orientation.

due to the slight helical shape of the chain of magnetite

particles within each cell. This makes the bacteria
interesting for measurements of several of the Mueller

scattering matrix elements, especially S14-

6. Oriented magnetic bacteria can be used to study
rotational diffusion coefficients? and fluctuations in Mueller

scattering matrix elements,

7. A. magnetotacticum bacteria not only can be given any
desired orientation, they can also be made to swim together
in any desired direction. This offers the interesting
possibility of using A, magnetotacticum as a kind of
calibration particle for autocorrelation spectroscopy

(dynamic light scattering).

8. A. magnetotacticum is fascinating in its own right. The
ability to synthesize magnetite is of keen interest for

fundamental reasons, as well as for the potential

technological and environmental applications.l-S




THEORY OF SAMPLE BIREFRINGENCE

The degree of orientation for magnetic bacteria can be -

determined from measurements of the sample_birefringence.3

Birefringence is a difference in refractive index, An, for

vertically polarized light compared with horizontally
 polarized light. T

Let U be the average magnetic dipole moment for a single . . . = .__
bacterium and H be the externally applied magnetic field.

Now the birefringence of a suspension of bacteria is3

An = Ang <P3(cosd)> (1)
where <F,(cos$) > = <3cos¢/2 - 1/2> is the expectation vaiue
for the second Legendre polynomial, ¢ is the orientation
angle, and An; is the birefringence ;aturation value for
large values of H. If o = UH/kgT where T is temperature, and

kg 1is Boltzmann’s constant, we can rewrite Equation (1) as3

An = Ang |1 - 3 coth(e) +3
a o2 (2)

By measuring the birefringence ratio, An/An,, as a function

of H, it is thus possible to determine the average magnetic
moment, . Equations (1) and (2) assume there is no magnetic

interaction between the bacteria and they alsc ignore any

randomization of bacterial orientation due to cell motility.3




THEORY OF LIGHT SCATTERING

When a sample elastically scatters light, the Stokes

parameters for the scattered 1ight are related to the Stokes

parameters for the incident light by?

gy T T (8 812 S Siay Ly - T
Qs| _ k'2r2 S21 S22 S23 S| |Qi -
1831 S32 Saz S (U} . .
Vs ~ \S41 Sa2 Sa3 Saaf 1V . (3)

where Shj is the h,3j element of the Mueller scattering

matrix, the subscript i or s refers to incident or scattered
light, k=2%/A, A is wavelength, and r is the distance to the

photodetector. 1In general, Shj is a function of scattering

angle ©. The off~diagonal matrix elements, especially S,

and S34, are of particular interest.? They give the polar-

ization properties of the scatterers and depend strongly on

particle size, morphology, chirality, and optical constants.

EXPERIMENTAL METHODS AND RESULTS

We constructed a Helmholtz coil box for generating

magnetic fields in 3 orthogonal directions simultaneously.




This can be used to cancel the earth's magnetic field and
generate any desired additional H vector. When the sample is
L"? o placed inside the box, we can thereby give the bacteria any

" desired orientation. Slots were cut into the Helmholtz box

to allow light transmitted and scattered by the bacterial -

& .- Sample to exit the ‘box. -
b _;:_The magnetic £ield inside the Helmho lt;_hgg_yasrmeasured_mlmij:i“T_;f;
with a 3-axis magnetometer (Applied Physics Systems). The
i;_nﬁanfield-strength-could be measured -simultaneously aiong 3 -~~~ - T TITT
orthogonal axes with a resolution of 1 micro-Oersted (1 HOe).
The sample birefringence was measured using a Zeeman
effect laser. This interferometric technique is discussed in
detail in references 6-9,.
Figure 1 shows typical birefringence data for our Zeeman
laser measurements of birefringence as a function of magnetic

field strength. From these types of measurements, we found

the average magnetic moment of our bacterial cells to be | =
3.7 X 10713 emu. The value of U varies by £ 50% depending on

the culture age and growth conditions. This value for WU is

in fairly good agreement with measurements made by others

workers using dissimilar techniques: 1.2 X 10713 emu in
reference 3, (2.6 £ 1.7) X 1013 emu in reference 4, and 2.2

x 10-13 to 5.0 X 10'13 emu in reference 5.

Figure 2 is a schematic of the experimental set-~up, as
viewed from above; for making scattered irradiance
measurements on suspensions of the magnetic bacteria. The
scattering plane was horizontal., The polarizer (EOL) wac

used to choose the incident polarization--horizontal or
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LASER '
HELMHOLTZ BOX

Figure 2. A SCHEMATIC OF THE APPARATUS USED TO MEASURE SCATTERING
FROM ORIENTED MAGNETIC BACTERIA. The light source (LASFR) was an
argon-ion laser operated at a wavelength of 515 nm. A beam splitter
(BS) allows a reference photodiode (PD) to monitor the laser intensity
and correct for any fluctuations in the laser power. The sample of
magnetic bacteria was placed inside the HEIMHOLTZ BOX. The bacteria
could ke given any orientation by adjusting the strength of the mag-
netic fields in each of 3 orthogonal directions. Pl and P2 are pin
holes used to define the scattering volume. A photamltiplier tube
(PMT') collected the scattered light as a function of scattering
ange (theta). For S14 or S34 measurements, a single photoelastic
modulator must be added.




vertical.
Figures 3 and 4 show experimental scattering data for

vertical (&) and horizontal (p) incident polarizations,

i

respectively. Sy, is plotted as a function of scattering

angle where Syx = S11 £ S12. The 4 different orientations are:

_ 45° in SP = the bacterial optic axis is in the horizontal
scattering plane and oriented at © = 45°,

90° in SP = the bacterial optic axis is in the horizontal
scattering plane and oriented at ©® = 90°,

45° in PP = the bacterial optic axis is in the vertical
(perpendicular) plane and oriented at 45° to the vertical,

90° in PP = the bacterial optic axis is vertical,

The variation in scattered intensity shown in figures 3
and 4 for suspensions with different bacteria orientations
can be understood by considering the total bacterial cell
geometric cross-section viewed by the incident laser beam and
the incident polarization (s or p).

The curves in figures 3 and 4 are spline fits to the

experimental points. Data points around® = 125° and © = 50°

are missing because the corners of the Helmholtz box block
the scattered light at those angles. Additional measurements
(not shown) made with a rotated Helmholtz box indicate there
is no significant fine structure in the scattering curves
around those scattering angles.

For measurements of S14 and S34, it 1is necessary to add a
single photoelastic modulator? to the set-up shown in figure

2. These measurements are still in progress.
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ABSTRACT

This paper extracts some topics from the joint work with Prof. H.C. van de Hulst of the
Leiden Observatory, the Netherlands (papers B) and C) shown above), and add a few which may
be useful in particle characterization. Rainbow seen at a large distance, and at a finite distance with
alens are discussed with the aid of graphs. For the former the classical Airy theory, which we
generalized to rainbows of arbitrary order, was found very useful even for smaller particles than
were previously thought. For the latter a royal road to Mie theory calculation has to be taken, and
we performed the Fourier transform of Mie field over the lens aperture. A few such Mie glare
point images, nicely in accord with the classical geometrical optics, are shown. This article deals
with single particles only. But a further step on scattering by size-distributed particles has already
been taken, aiming toward inverse problems. Extension to a more elusive phenomenon, the
backscatter glory, is also planned.
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1 Introduction
- Rainbows are utiquitous phenomena resulting from the play of light in transparent
spherical drops whose size is very large compared to the wavelength. The beauty of the display by
water drops in the atmosphere following a rainfall is so familiar to us, and has inspired analytical
-studies over 7 centuries. We can only cite a few recent literature [Refs 3 5 7 l 1] and dxscuss
g here only afew pracucal topxcs related to charactcnmng apafncle T e e P
We first remark that the same rainbow phenomenon gives different appearances depending ‘
-~ - - -on whether (1) we see the collective effect at a large distance from a number of contributing drops, - -~ ——
or (2) we see at a finite distance from a single drop with a lens focused on the drop surface. The |
familiar colored circular arcs we see around the anti-solar direction for atmospheric rainbows
constitute a good example of case (1). For case (2), we see instead a few brighter or fainter glare
spots, often colored, whose positions change in the field of view as the lens' angular position is
varied [Refs. 7,10,11]. If, however, only a detector without lens is employed, as in many light-
scattering experiments, the detector registers only the integrated scattered light over its aperture and
the glare spots are not seen. ' '

The time-honored Lorenz-Mie theory [Refs. 2,6,9] renders detailed explanation of such
phenomena, but its numerical evaluation is rather time-consuming even by a computer with an
efficient computational algorithm [Ref. 12], especially when the drop size parameter

x=2ra/A (1.1)

is large. Here 2a denotes the drop diameter, and A, the wavelength. Through extensive
comparisons with the Mie results, however, we found the classical Airy approximation, which we
generalized to rainbows of arbitrary order p-1 (p-1=number of internal reflections), was very
useful in particle characterization under the case (1) and part of case (2). Section 2 summarizes
some useful Airy formulae, depicts a few Mie-Airy rainbow profile comparisons, and explains the
use in particle characterization, Section 3 deals with the glare points under case (2) and discuss
their interprctation. Sce. 4 gives tic summary.,

. Particle cf zation via the Airy's Tt ‘ Raiot

This classical theory of rainbow precedeed the Lorenz-Mie theory by more than half a
century [Ref. 1]. Applying the Huygens' diffraction theory on the cubic wavefront formed by
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emerging rainbow rays from a drop, it successfully approximated the positions and intensities of :
- the main rainbow (p=2) and its supernumerary bows. This was then a significant improvement T
‘over the famous Descartes' theory of rainbow based on the geometrical optics (G.0.). Airy
approximation has been widely discussed, employed, and even modified in several forms in many
~ rainbow articles to this date. Contrary to what has often been thought, however, our extensive
' companson with Mie results shows the Axry approxunanon starts to be useful at arelatively small
"drop size x where laboratory levitation of the particle is also feasible. The lower bound for x
appears to go even lower as the refractive index m increases, as long as the 1st primary rainbow
" (p=2) peak is of interest. Since the Airy-Mie comparison was made both on the angular position

and the ahsglmg_magmmd; of i mtensxty, our ﬁndmg could also be statcd as: Amw

N

After the above brief outline we list a few useful Airy formulae as extracted from [Ref, 12]
which are also valid for rainbows of arbitrary order. Notations by van de Hulst [Ref. 9] and also
by Humphreys [Ref, 5] are employed.

(A)  Scattering angle positions (in radians) of Airy maxima/minima
First Airy maximum (K=0):

1B
6,40x0 = Bo(Pim) - q » 1087376 [hn?/12]  x 23 on
Supernumerary Airy maxima (K21):
13 B o
Omax K= GO(P,m)-qh [3r(ks+1/4)/2] X 22)
All Airy minima (K20):
8, . 1 =0,(pm)- qh B3z x¥
min K = o\Pm)=q [3m(Ks+3/4)/2) 2.3)

where OO(p,m) is the rainbow angle by geometrical optics [Ref. 9, p.229] and
q=-1 if 6,(p,m) is a minimum deviation angle (e.g. p=2,5, 6, 9, etc) (2.4)

q=+1 if0,(p.m) is a maximum deviation angle (e,g, p=3, 4,7, 8, etc)
h = (p2-1)2/ (p¥m2 - 1) )] « [(p2 - m2) / (m2 - 1)]1/2 (2.5)

h is related to the curvature of cubic wavefront [Ref. 5, p.470].




e

(B)  Scattering intensity (S 1Airy for unpolarized incident light

R B
(Sn)m= (ezl+522)181/(16n2h4)} cosT, x'B ¢ (z)/lsineo(p,m)m

: f(z)=1!'cos [N(Zt-ts)/ '2] dt = Airy integral S

1A
z=(-q) [12/(h1t2)J x*P (9 - 9,(pm))

2.7)
172

= tanr? [(@- 1)/ @G- n®)]

-1
€= (l-riz) Cr, )p where i=1 or2 and p 22

r, = Fresnel's reflection coefficient for polarization i (Re£.9, p204) |

Unlike the time-consuming Mie scattering calculation whose computer CPU time increases
linearly with x and the number of scattering angles, the evaluation of Airy intensity, (2.6), is
practically independent of the drop size x, thus making it a very efficient tool in laboratory use.
Figs. 1 and 2 show the direct Mie-Airy rainbow profile comparisons with x fixed at x=241.661
and x=120.83, respectively, and with 4 typical refractive indexes. Both Mie and Airy theory
calculations were made by our laboratory-oriented DECLAB PDP11/23 computer, using only 7-
digits single-precision arithmetics. The respective drop sizes are 2a=36.5um (Fig. 1A), 2a=50 um
(Fig. 1B), 2a=52.2 um (Fig. 1C) and 2a=38.5 um (Fig. 1D); while in the corresponding Figs.
2A-2D, all the drop sizes are halved. The selected particles are thus typical for those employed in
light scattering experiments for their manageable levitation. We cannot reproduce here a far greater
number of Mie-Airy comparison graphs covering the drop size to 2a~6.2 mm, but we found as x
increased the Mie/Airy rainbow profiles matched progressively better. Indeed, at 2a~0.4 mm the
match already came to almost exact for water drops, as long as only the rainbow peak positions
and intensities were concerned.
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We summarize a few interesting findings through Figs. 1 and 2: (a) The angular positions
of rainbows depend most critically on the refractive index m and the number of internal reflections
p-1 (p=2: prirhary rainbow; p=3: secondary rainbow; etc.), but to a lesser degree also on the size
x. (b) Eq. (2.1) can be employed to scan the primary (p=2) rainbow peak position for quick
particle characterization. (c) For the p=2 first peak, Mie and Airy theories agree rather well both in

Lo index m and/or the size x increases, which is also accompanied by the increase in inténsitybut =~~~ 7
decrease in width of this main peak, i.e., the primary rainbow becomes more and more prominent.
-... Thus, analyzing the primary rainbow.profile via Airy theory will be a feasible approach to - -
characterizing a particle. (d) Whenever we go to the supernumeraries for p=2 or to rainbows of
higher order (p23), the agreement between Mie and Airy theories becomes less impressive or is
virtually lost at the drop sizes of Figs. 1 and 2.

In sec. 2 we assumed that both the small light source and observation aperture were located
very far from the scattering particle. We now turn into the problem of imaging a particle with a
lens located at a finite distance r from it, over various angular positions of 8 (Fig. 3 illustrates the
geometry). This corresponds to the case (2) in sec. 1. Since the lens subtends an appreciable half
angle b/r with respect to the particle, the interferences between all rays over the lens aperture have
to be assessed. This will result in brightness variation over the particle image formed on the plane
Q of Fig. 3. We shall see such an image contains several glare points, the images of the exit points
of those rays strongly reflected or refracted into the observing direction. The calculation requires
the Mie theory for integrating the contributions of wavelets across the lens aperture. This is the

direct application of the Huygens' diffraction principle, and we call it the Fourier transform of Mie
field.

For simplicity the incident light is assumed polarized perpendicular to the scattering plane,
and we further assume r is large enough so that the complex scattering amplitude before entering
the lens is given by [Refs. 2,6,9]

Nnax

S,(0) = z l'ﬁ%{annn(cos 8) + b, 1, (cos e)}

n(n+1 3.1

The amplitude of the received field at Q can then be derived and is proportional to [Refs. 7,10]
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0,+b/r . S S )
A, (W) = -a J;/S_(O)_ exp [‘"‘w(e 90)] “ , : (3.2)

= —:_5 - ;where 9 is the angular posmon of the lens center. and w denotes the dlmensxonless image

mpoemon, w-+1 corresbondmg to the image posmon of one parncle edge, while w=-1, to the |
: opposxte edge : '

We first remark that a glare point is not necessarily be the image of a particular order
rainbow. Whenever the intensity of light rays is yery much strengthened at an exit point of the
particle surface, that point is focused by the lens to produce a glare point image. Besides rainbow-
forming rays, others such as directly reflected rays (p=0) or those emerging after transmission
and/or internal reflections (p21) can also be responsible for it. In the x—oo geometrical optics

limit, one can construct a map (Fig.' 4) showing for each p the image position w as a function of
the lens position 8, [cf also Ref. 9, p.229]. Such a map is convenient in identifying the rays
producing a given glare point image for a very large particle. It is very sensitive to the refractive
index m of the particle. Fig, 4 is for m=1.331, that of water at A=0.65 yum, and shows for p from
p=0 to p=6.

‘We next state an important remark that such a glare point experiment can be performed only
when x is very large, for the resolution criterion deduced from a fundamental diffraction
consideration [Ref. 10]

~1
AGOO Aw m 3.3)

This means we cannot simultaneously measure with infinite precision the angular position 8, and

the image position w. Choosing a big lens helps define w but spoils the accuracy of 8. Choosing

a small lens does the opposite effect. For this reason we chose here a water drop of x=10,000 or
x=20,000 at A=0.65 pm with b/r=0.01, corresponding to, say, placing a b=1 cm lens at a distance
of r=100 cm.

Fig. 5 shows the Mie glare point image for the test sample x=10,000, m=1.331 - 1.3 E-8
and b/r=0.01. Log IA1(w)! from eq. (3.2) was plotted against w over -1.255w<1.25, which cover
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a little beyond both geometrical optics image boundaries w=t1 in order to see also the spill-
overs/surface-waves, if any, occurring at the particle edges, near which most rainbows are also
- produced. Fig. 4 was very useful in tracing the sources of rays i'esponsible for the glare points,
the positions, heights and widths of which are very sensitive to particle parameters (and also to
b/r). Thus, the glare point imaging technique would be very important not only for particle

~ characterization, but also for understanding the basic physics of light interacting withalarge
particle. e T T S

A glare point image is accompanied by many diffraction side lobes of the lens spaced
uniformly on both sides, as can be seen in Fig. 5 at each prominent peak. Similar phenomenon is
also experienced by an optical astroncmer as nuisance when he finds his faint star image is ringed.
He then gpodizes the lens to suppress the unwanted sidelobes at the cost of a slight widening and
decrease in intensity of the main peak, by coating the lens with an absorbing material whose
thickness increases as one goes toward the lens limb. Similar techniques can be applied to a
microwave antenna, a process known as tapering. Fig. 6 shows some examples by using the
apodization factors:

8(2) = 1- (90z)2
£(z) = cos2(110z) (3.9
g(2) = exp [-(1402)?]

where z is proportional to the distance of a point on the aperture from its center, taking the value b/r
at its edge. These multiplication factors are then placed in the integrand of eq. (3.2) to perform the
Fourier transform. In Fig. 6 we employed x=20,000, m=1.331 - i 1.3E-8 and b/r=0.01. The Iens
position is at 6, = 127.61°, the p=6 Airy rainbow angle evaluated by eq. (2.1). As seen, besides

the p=6 rainbow itself many faint glare peaks become more discernable by increasing the degree of
apodization. A large number of similar graphs has been compiled to study also the edge
phenomena, where most rainbows also take place.

4, Summary

o Rainbows, either seen at a large distance (case (1)), or at a finite distance with a lens (case
(2)), can be explained in detail through the Lorenz-Mie theory.




For the case (1), the classical Airy approximation was found more useful than had often’

, , been thought. For m > 1.4, for example, the Airy theory can be employed to analyze the

. oo . .- - -primary rainbow (p=2) for particles as small as 2a~0.02 mm. The Mie-Au'y rainbow - --- - -
profiles match better for the p=2 rainbow as m and/or x increases.

e The numencal evaluation of Airy theory is much less txme-consummg than M1e calculatlon

R expenmems, by analyzmg the pnmary rambow .
"« "The glare point images pack a lot of more information than merely observing rainbows ata
distance, for they contain detailed pictures on the behavior of light rays inside the scattcnng
Tt Tt particle,” There would be many interesting problems for which the glare point imaging
technique prove to be a powetrful tool, including ti-e particle characterization.

Acknowledgments

The author is indebted to and very pleased to work with Prof. H.C. van de Hulst, a man
with extraordinary insights. Thanks are due to Prof. J.L. Weinberg, President of the ISST, for
supporting our collaboration, Information related to the glare points from Prof. J.A. Lock, along
with his critical review on Ref. 12, are highly appreciated. Special thanks are due to Mrs. Joye
Dunlop for artistic typings. This work was supported in part by the U.S. Army Research Office
under contract DAAL03-86-K0021 to the University of Florida, where this work was initiated.

References

1. Airy, G.B., On the intensity of light in the neighborhood of a caustic, Trans. Cambridge
Phil. Soc. 6, 379-402 (1838).

2. Bohren, C.F. and Huffman, D.R., Absorption and Scattering of Light by Small Particles
(Wiley, New York 1983).

3. Boyer, C.B., The Rainbow: From Myth to Mathematics (Yoseloff, New York, 1959).
4, chcnk,r, R.. Rainbows, halos and glories (Cambridge Univ. Press, N.Y. 1980).

5. Humphreys, W.J., Physics of the Air (McGraw-Hill, New York, 1929).

6. Kerker, M., The Scattering of Light an i iation, (Academic

Press, New York 1969).




10.
11.

12.

Lock, J.A., Theory of the observations made of high-order rainbows from a single water
droplet, Appl. Opt. 26, 5291-5298 (1987). '

Nussenzveig, H.M., Complex angular momentum theory of the rainbow and the glory, J.
Opt. Soc. Am. §9, 1068-1079 (1979).

van de Hulst, H.C,, Light Scartering by Small Particles (Wiley, N.Y. 1957).

~ van de Hulst, H.C. and  'Wang, R.T., Glare points. submitted to Appl. Opt. (June 1990).

Walkcr, 1.D., How to Create and Observe a Do ""ainbows in a Single Drop of Water,
Sci. A, 237, 138 (July 1977); Mysteries of Rainbows, Notably their Rare Supernumerary
Arcs, Sci. Am. 242, 147 (June 1980).

Wang, R.T. and van de Hulst, H.C., Rainbows: Mic computations and the Airy
approximation, to appear in Appl. Opt. 29 (Dec. 1990).




XYLENE IN WATER

He-Ne LASER

x=241.661.

Intensity Profiles.
2.

See sec.

82

s XYLENE IN WATER ; He-Me LASER
1 s
x=241.66 ; m=1,120-40.0 1A xe120.83  ; m=1,120
164 |
pe2 .
MIE Ao pe3
3 ) o Je -" f & -
10 : s -
2 . ; N ;
10 + . _
/] ] 1 . :
L S I L . B
80 - 130 o 180 80 130 o 180
WATER ; RED ( x=0.65um ) :
s WATER ; RED ( A=0.65um )
1 = T M= - - 1B v 2B
x=241,66 ; mel,331-71,3E-B S| 120,69
1("3 m=1 =1 -
(] ‘ ‘ 1
Te . s ¥ 102 §
. " 101 » . :. .. L] “
SATRY 3
o 160 90 % o 180
€0, 1CE 5 PED { %=0.67%m ) 2
6. | €0y 1CE i RED ( 2<0.679um ) S R g 2C